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I. INTRODUCTION
NASMUCH as single-quantum optical heterodyne detection and multiple-qu&tum optical direct detection are by now well-understood processes, it seems natural to investigate the properties of a detection scheme in which both are performed simultaneously. In this paper, we obtain the response and the signal-to-noise power ratio for a multiple-quantum absorption heterodyne receiver, with particular attention devoted to the simplest case, i.e., the mixing of two waves in a double-quantum infrared or optical device.
After briefly considering the relevant results pertinent to each of the processes individually (Section I), we derive the combination device response for the general multiple-quantum photomixing process in Section 11. In Section 111, the response for the important two-quantum case is obtained and given a physical interpretation. In Section IV, we obtain the signal-tonoise ratio (SNR) for a receiver using a multiphoton optical heterodyne device, and compare it with the SNR for conventional optical heterodyne detection. The results of a twophoton experiment are presented in Section V, while a suggested setup for future experiments, as well as the applicability of the scheme in general, is reserved for Section VI.
A. Multiphoton Direct Detection
The ordinary photoeffect was discovered by Hertz in 1887 and explained in terms of the absorption of a single quantum of light by Einstein in his now famous work published in 1905 [l] . It was not until 1959, however, that the relationship between the statistics of an arbitrary incident radiation field and the emitted photoelectrons was firmly established by Mandel [2] . Consideration of the general photodetection process in terms of quantum-electrodynamic co- herent states of. the radiation field was undertaken by Glauber [3] in 1963, and by Kelley and Kleiner [4] in 1964, and provides a convenient starting point for calculations involving multiple-photon as well as single-photon absorptions.
Multiplequantum photoemission, being a higher order effect, is most easily observed in the absence of ordinary (firstorder) photoemission. For the two-quantum case, it becomes important when 3 e4<hv<e+
(1) where hv is the photon energy of the incident radiation and e$ is the work function of the material under consideration. (Even when (1) is satisfied, however, it should be kept in mind that small amounts of single-quantum photoemission can arise from excited electrons in the Fermi tail [5] .) The two-quantum photoeffect was first experimentally observed in 1964.
Using a GaAs laser, Teich et al. [6] observed the effect in sodium metal, while Sonnenberg et al. [ 7 ] induced it in Cs3Sb with a Nd-doped glass laser. Since that time, there have been a number of experimental measurements of second-and higher order photoelectric yields in a variety of materials [SI -[ 121 .
Theoretical work has focused on two aspects of the problem: perturbation theory and other calculations of the transition probabilities in the material, and the effect on the transition probability of the statistical nature of the radiation field. Makinson [8 J , and Teich and Wolga [9] .
All of the models predict a two-quantum dc photocurrent Wg) (expressed in amperes) proportional to the square of the incident radiation power P and inversely proportional to the irradiated area A . Using the results of a number of authors [SI , [9] , [ 141 - [ 171 , we can therefore write the doublequantum dc photocurrent as
Here A(2) is the twoquantum yield expressed in amperes per watt [SI, X is the radiation wavelength, T i s the sample temperature, P is the radiation power expressed in watts, and l i s the irradiance at the detector expressed in watts per square centimeter. The two-quantum efficiency (electrons/photon) is denoted by v 2 , and is related to the two-quantum yield by the relationship A(2) = (e/hv) v2 a: I .
Here, the quantity (hvle) is the incident photon energy expressed in electronvolts and is of order unity. For the k-photon process, defining W$), A('), and q k as the k-photon analogs of the quantities defined above, the following generalized results are obtained: W g ) = A ( k ) ( h , T ) P a I k -l P (4) and A@) = (e/hu) q k a Ik-' .
(5)
Typical numerical values for the two-quantum yield are [9] A$2(84508, 300 K) -8 X 10-l6I and AgJ3sb(10600A, 300 K) -5 X 10-"1 A/W. Again I represents the irradiance at the detector in watts per square centimeter. These values, even when precisely measured, can vary by a factor (usually < 2) depending on the coherence properties of the inducing radiation, as we now consider.
Theoretical [20] and by Agarwal [21] .
All of these studies predicted a factor of k! enhancement for the magnitude of certain k-quantum processes induced by chaotic (rather than coherent) sources. This enhancement was later observed in the two-quantum photoeffect by Shiga and Imamura [lo] , and in second-harmonic generation (SHG) by
Teich et al. [22] . The theoretical relationship between twoquantum photocurrent spectra and the incident radiation statistics was then obtained by Diament and Teich [23] , and compared with the analogous single-quantum results previously
given by Freed and Haus [24] . In 1969 twoquantum photocounting distributions were calculated for amplitude-stabilized, chaotic, and generalized laser sources by Teich and Diament [25] . This work was extended to higher order photocounting distributions by Barashev in 1970 [26] , who also wrote an excellent and comprehensive review article on multiple-quantum photoemission and photostatistics in 1972 [27] .
B. Single-Photon Heterodyne Detection
Being a first-order effect, ordinary optical and infrared heterodyne detection has received far more attention than has multiple-quantum detection. The usefulness of the technique in applications ranging from spectroscopy to radiometry has been well documented. The effect was first observed by Forrester et al. [28] in a classic experiment using two Zeeman components of a visible (incoherent) spectral line.
With the development of the laser, photomixing became relatively easy to observe and was studied by Javan et al. [29] The observed signal-to-noise power ratio for these experiments was found to behave in accordance with the theoretical expression obtained for parallel plane-polarized beams under ideal conditions [31] - [34] , i.e., SNR(') = q , P, /huA f. (6) Here, q 1 is the detector quantum efficiency (electrons per photon), P , is the received signal radiation power, hv is the photon energy, and A f is the receiver bandwidth. For radiation beams which are not parallel to within an angle 8 = X/d, with d the detector aperture, the SNR is reduced below the value given in (6) by spatial averaging of the mixing signal over the detector aperture. This effect was studied in detail by Siegman and by Mandel and Wolf [34] , and is frequently referred to as "wash-boarding." Similar calculations have been effected for focused radiation beams, as first considered by Read and Fried [35] .
Shortly thereafter, this work was extended to experimental and theoretical studies of the statistical nature of the heterodyne signal resulting from the beating of a coherent wave with a Gaussian scattered wave [36] , [37] . Although the stochastic nature of this signal depends in detail on the irradiance statistics, the SNR is found to be essentially independent of the higher order correlation functions of the field [36] , [37] . Furthermore, using the first-order coherent field results of Titulaer and Glauber [38] for absorption detectors, an explicit calculation for the case of two-beam photomixing has shown that sum-and double-frequency components do not appear in the detected current, and that the heterodyne process can be interpreted in terms of the annihilation of a single (nonmonochromatic) photon [39] , [40] , as was qualitatively appreciated by Forrester et al. [28] . Finally, a concise review of the basic theoretical and experimental aspects of heterodyne detection in the infrared and optical, as well as a partial review of the literature, was prepared by Teich in 1970 E411 . Another such review, emphasizing nonlinear heterodyne detection, will appear shortly [42] .
MULTIPHOTON PHOTOMIXING
We begin this section by considering a two-quantum absorption detector initially in the ground state. The detector response W ( 2 ) at the space-time point x , = r,, t, may be written in terms of the second-order correlation function
[18] , [20] , [25] , and is given by
Here, p is the density operator for the field, and E -and E'
represent the negative-and positive-frequency portions of the electric field operator E , respectively. We assume that the final state of the detector is much broader than the bandwidth of the incident radiation, and that a broad band of final states is accessible [20] , [21] .
If we specifically consider the mixing of two single-mode, amplitude-stabilized, first-order coherent waves, both of which are well collimated, parallel, plane polarized along a common unit vector, and normally incident onto a photosensitive material, we may write the positive portion of the electric field operator E' as the superposition of two scalar fields E+ = gy t + , e ; e-iw,t (8) with angular frequencies w1 and w 2 . This is equivalent to assuming a semiclassical approach which makes use of the analytic signal [43] . The complex wave amplitude can be expressed in terms of its absolute magnitude 1 I and a phase factor eiai such that Under these conditions, the quantum-statistical detector responses can be written in terms of the fields as tr {pE-E+} *l8: I' t 1 8; I ' These expressions are scalar quantities and contain no spatial dependence because of the assumptions of plane polarization, parallel beams, and normal incidence.
Generalizing these results to sinusoidal beam photomixing in which the k-photon detector response is the normally ordered product [3] 
Here { k represents a proportionality constant for the k-photon process. The leading dc terms are proportional to 1 &? Izk and 1 8; I 2 k , and may be associated with the absorption of k monochromatic photons, each of which arises from a given beam (1 and 2, respectively). The highest frequency current component is proportional to
and corresponds to the absorption of k nonmonochromatic photons, each of which must be associated with both of the beams. It is evident from the above that multiple-and sumfrequency terms do not appear in the k-photon absorption heterodyne detector output, in analogy with the result for the one-quantum case [39] The fourth and fifth terms correspond to the absorption of a single monochromatic photon from one of the beams plus a single nonmonochromatic photon which must be associated with both beams. These terms therefore contribute currents at the difference frequency (wl -w 2 ) , in analogy with the single-quantum heterodyne interference term [39] - [41] . The final term corresponds to the absorption of two nonmonochromatic photons, and therefore varies at double the difference frequency, Le., at 2(w1 -w 2 ) ; clearly there is no analogous process possible in the onequantum case.
We note that the absorption of two nonmonochromatic photons imparts an additional dc value to the double-differencefrequency term, as may be seen by comparing (1 5) and (1 6). (17) where I j represents the intensity of the ith beam and {,' is a new proportionality constant.
The results presented above can be expanded to modulated, noncoherent, and nonparallel beam mixing. As an example, we consider two ideal amplitude-stabilized nonparallel (e > h / d ) plane traveling waves impinging on a twoquantum detector, so that washboarding can occur. In contrast to the onequantum case, the detector responds to the square of the spatial intensity variation across the detector aperture at every instant of time, resulting in a factor of 2 enhancement in the dc cross term, as obtained with pure temporal mixing. Thus the two-quantum dc photocurrent will in general be enhanced due to spatiotemporal intensity variations (interference fringes); the magnitude of this enchancement depends on the system configuration. Experimental evidence for twoquantum enhancement due to spatial variations has, in fact, been IV. SIGNAL-TO-NOISE RATIO We now follow the usual procedure used for the singlequantum case [31] - [ 3 3 ] , [37] to calculate the approximate SNR for k-photon sinusoidal heterodyne detection. We begin with twoquantum photomixing, neglecting the doubledifference-frequency component and assuming that the ac signal is at the fundamental-difference-frequency (IF) between the two waves. Thus, considering the mixing of two parallel coherent waves as described in Section 11, (1 6) yields W$:)=4(2(18?13 l 8~l + l 8 ? l
@I3)
. (19) where T, is the coherence time of the source. For
TS < T,,
(18) represents the enhancement of both the single-beam and the mixed-beam counting rates, arising from the tendency of these photons to arrive in correlated pairs (assuming that the detector intermediate state lifetime
however, there is no correlation between the arrival time of a photon from one beam and the arrival time of a photon from the other. Thus the absorption of two photons from a single beam is enhanced by a factor of 2 relative to the absorption of one photon from each beam, leading to a cross term of 1. This can also be qualitatively understood from the point of view of additive Gaussian fields; the sum of two fully correlated Gaussian random processes (TS < 7,) has a greater variance than that of two independent Gaussian random processes (T& > T,) leading to an enhanced value for the cross term when T& < 7,.
From the foregoing, it is clear that the double-quantum current can be calculated for a variety of configurations involving different relative time scales, angular separations, polarization properties, and statistical characteristics. Some additional examples are treated in [18] . Clearly, the second-order correlation functions of the field play an important role in determining the magnitude of the signal, in distinction to the onequantum case.
We now assume that one of the waves (which we call the local oscillator or LO) is strong, i.e., E2 >>El, in which case 
The noise power can be obtained from the two-quantum photocurrent spectrum [23] which, in turn, is related to the stochastic nature of the radiation source. For a coherent and strong LO, however, the k-quantum counting statistics will be Poisson [25] , [26] , and the two-quantum (shot) noise power is then
( 2 5) Thus using (2), (24), and (25), the two-quantum SNR can be written as
Using the relationship between the two-quantum yield A(2) and the two-quantum efficiency q2 given in (3), we finally obtain SNR(2) 4q2 PI IhvA f. (27) We recall from ( 3 ) that v2 is itself proportional to the irradiance of the LO, and we must have 4q2 < 1. The result is therefore similar to that for the single-quantum heterodyne detector given in (6) ; in that case, however, q l is independent of the LO. The two-quantum minimum detectable The SNR at the fundamental-difference frequency (0, -w2) may also be obtained for coherent beam mixing in the k-photon absorption heterodyne detector.
Following a series of steps similar to those given above, we find where ck is a constant (dependent on k), and ?)k is proportional to Ik-', where I is the LO irradiance [see (5)]. Here
In this section we describe a preliminary set of experiments in which doublequantum photoemission was observed from a sodium surface simultaneously illuminated by two superimposed beams of laser radiation. While ac photomixing terms were not observed in these experiments, the measurements are consistent with the theoretical calculations given in Section 111.
A . Configuration
The apparatus used for the experimental measurement of twoquantum photomixing is shown in the block diagram of which was about 35 ps. The radiation was collimated by a 10-cm focal length lens, passed through an iris, and then through a configuration of dielectric beam splitters and antireflection coated prisms resembling a Mach-Zender interferometer. The beam splitters were approximately $ transmitting and were flat only to about 1 wavelength; the optical phase across the beam could therefore be considered to vary. The purpose of the interferometer configuration was to allow the irradiance of each beam (denoted as 1 and 2) to be independently controlled by means of calibrated attenuating filters. Beam 1 could also be timedelayed with respect to beam 2 by means of a sliding prism (see Fig. l ), but this capability was not important in these experiments where ~g was always greater than T~ due to the very small value of 7,. After passing through a second iris and a (6-cm focal length) focusing lens, the radiation was allowed to impinge on a specially constructed Na-surface photomultiplier tube, which has been described previously [6] , [8] , [9] . A Polaroid type HN-7 sheet polarizer was almost always placed at the front face of the photomultiplier as shown in Fig. 1 (the one exception will be noted later). The electron-multiplied current was passed through a 1 -M a load resistor which fed a Princeton Applied Research (PAR) low-noise preamplifier followed by a PAR lock-in amplifier. Phase-sensitive detection was performed at 2.2 kHz, which is the fundamental repetition frequency of the pulsed laser output. Large integration times were used so that only the dc or average value of this current component was measured. The reference signal for the lock-in amplifier was obtained directly from the silicon-controlled-rectifier power supply [44] used to drive the laser.
Radiation from the other leg of the interferometer was focused onto a 25-pm diameter pinhole which acted as an aperture stop at the face of a standard Dumont 691 1 type S-1 photomultiplier. This provided a relatively accurate method for superimposing the two beams [8] . This is critical since the double-quantum response is inversely proportional to the illuminated area A . The beams were adjusted to achieve maximum output from the 69 11 photomultiplier tube, a procedure which was often difficult and required a great deal of care.
Method
The following procedure was used in making a measurement. 1) The beams were aligned to provide maximum current from the 69 11 photomultiplier. 2) Beam 1 was blocked and the double-quantum current W 8 ) from beam 2 was maximized by imaging the laser junction on the sodium surface, and then recorded. Using a calibrated attenuating filter, it was ascertained that pure two-quantum emission was occurring, i.e., that W8' a I ; , where I2 represents the irradiance of beam 2.
3) Beam 2 was blocked and the double-quantum current from beam 1 was recorded, after verifying that it was a 1:. (The constant of proportionality was taken to be the same in both cases.) 4) Both beams were then unblocked and, after once again verifying that pure double-quantum emission was occurring, the total average double-quantum current W(') (at the fundamental repetition frequency of 2.2 kHz) was recorded.
Experiments were performed with different value of I l / I 2 , --__ obtained by attenuating one of the beams relative to the other by means of thin gelatin (Kodak Wratten) filters. Ordinary glass filters could not be used to provide the decrements of light intensity because refraction in the glass caused the imaged spot size and position to change thus altering the twoquantum current in an unpredictable way.
C. Results
The total average fundamental-repetition-frequency __ twoquantum photoelectric current W('), for different intensity ratios of the two constituent beams (Z1/Z2), is presented in Fig. 2 . The solid curve represents the equation
W ( 2 )
(Il + which is simply the parabola (1 + Il /I2)' when the intensity I2 is normalized to unity. This represents a cross term of 2Z1Zz, and is so labeled. The cross term of 4Z1Z2, on the other hand, is shown by the dashed line in Fig. 2 . Only the highest observed values of W ( 2 ) are plotted in Fig. 2, many more points having been found to lie below the curves. This has been attributed to the difficulty in obtaining precise alignment of the two radiation beams, and therefore superposition of the focused spots on the sodium surface.
The triangles in Fig. 2 represent data for linearly or partially polarized radiation, while the circle is for cross-polarized radiation (this is the one exception mentioned previously). The experimental measurements are consistent with the following interpretation. The laser output consists of a number of more-or-less independent Fabry-Perot modes which are changing during the pulsewidth due to heating of the laser junction [8] . The radiation may therefore be considered to behave as a Gaussian source with a coherence time than the radiation coherence time, the irradiance fluctuations result in a factor of 2 enhancement of the singlebeam photocurrents. As far as the irradiance cross term is concerned, the two-quantum current will also be enhanced by a factor of 2 owing to the random spatial irradiance fluctuations across the detector for the superimposed beams. Thus we obtain a relative cross terms of 2, i.e., a Z: + 2Z1Z2 t I", in agreement with the data.
-VI. DISCUSSION From the foregoing, it is clear that multiple-quantum heterodyne detection is somewhat more complex than the analogous single-quantum process. In particular, the average detector response and the SNR are found to depend on the higher order correlation functions of the radiation field and on the LO irradiance. From a physical point of view, it has been possible to associate various terms in the detected current with specific kinds of photon absorptions.
Calculations of the SNR and MDP for a number of cases have been carried out. The results of a preliminary two-quantum photomixing experiment are in agreement with the theory.
Although it appears that the k-photon heterodyne detector can be made to perform as well as the single-photon heterodyne detector by simply increasing the LO intensity, a number of practical problems would likely make this difficult. Inasmuch as the transition probabilities decrease rapidly as k is increased, and are furthermore proportional to A' -k , it appears that very high LO intensities would be required to place q k anywhere in the vicinity of 0.1 for k > 2. Aside from alignment problems, these high intensities could result in thermionic emission from cathode heating, or possibly cathode damage.
The two-quantum case is therefore likely to be the most interesting, and also the easiest to examine experimentally. A possible arrangement for studying the effect in a more detailed and controlled fashion is the following. The radiation from a 0.5-mW He-Ne laser, operating at a wavelength of 1.1 5 pm, is passed through an acoustooptic modulator (which splits it into two frequencies) and a focusing lens. A 5 y m focused spot size, corresponding to an area of 2.5 X cm2 , would then provide an incident irradiance I -2 X lo3 Wjcm2. Using a Cs3Sb photocathode with a work function -2.05 eV and a yield [7] -5 X 10-l' IA/W, a two-quantum current -5 X A may then be obtained. An experiment of this nature would allow the validity of (15), (16), and (27) to be examined. A YAG: Nd laser could be substituted for the He-Ne laser for an even simpler experimental configuration, since focusing would not then be required.
We observe that the use of a two-quantum photomixer in a three-frequency nonlinear heterodyne detection receiver [45] would result in a reduction of the SNR by the factor (P, / P 2 ) , Although the emphasis in this paper has been on linearly polarized incident radiation, considerable enhancement of the k-quantum photocurrent may occur for circularly (or elliptically) polarized radiation, as recently discussed by a number of authors [46] . ACKNOWLEDGMENT The author wishes to thank Prof. G . J. Wolga of Cornell University for many valuable discussions in connection with the experiments reported here.
I. INTRODUCTION T i n g "
HE PHENOMENON of relaxation oscillations or "spikhas been observed and studied extensively in solidstate lasers under pulsed excitation [ l ] , [2] , Although in most cases random spiking with pulses of irregular spacings and amplitudes were observed, there were observations of perfectly regular damped relaxation oscillations [2] , [3] . Such regular damped relaxation oscillations are expected from theoretical analyses using the coupled rate equations [4] - [6] .
It is generally recognized to be a phenomenon due to the interaction between the excess population inversion of the active medium and the photon energy of the electromagnetic field inside the resonator. The characteristics of the relaxation oscillations depend on the rate of change of the population inversion due to pumping, spontaneous decay and stimulated Manuscript received February 7, 1975 . The author is with Bell Laboratories, Holmdel, N.J. 07733. emission, and the rate of buildup and decay of photons in the resonator due to stimulated emission and various loss mechanisms such as output coupling, scattering, diffraction, and absorption.
In addition to being a common phenomenon in solid-state lasers, relaxation oscillations have also been observed and studied in gas lasers [7] . In the case of dye-solution lasers, relaxation oscillations have not been previously reported. However, in the first organic dye laser, Sorokin et al. [8] noticed that under certain conditions a Q-switched ruby laser-pumped dye laser had an "initial spike" in the output, which otherwise displayed the time variation similar to that of the pumping pulse. The observation was shown to agree qualitatively with the expected transient response of the dye laser under the corresponding experimental conditions. Miyazoe and Maeda [9] have further applied small-signal analysis to study the conditions for the appearance of such initial spikes. They pointed out that dye lasers are generally operated close to the border region between spiking and nonspiking. This is in contrast to solid-state lasers for which the spiking phenomenon is almost ubiquitous.
In this paper we report the observation and investigation of regular damped relaxation oscillations in N2 laser-pumped dye lasers. Pulses with an initial spike are also observed; it is shown to be a special case of the more general phenomenon of relaxation oscillations.
The characteristics of these transient responses are studied experimentally and compared with theoretical considerations. Excellent qualitative agreement is obtained. Because of the relative ease and large workable range in choosing desired dye-laser parameters (e.g., dye-laser medium and resonator length, resonator mirror reflectivities, dyesolution concentration, dye-fluorescence lifetime, etc.) laser-
